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Abstract
The adsorption and desorption of Kr on graphite at temperatures in the range 60 K to 88 K, was systematically
investigated using a combination of several simulation techniques including: grand canonical Monte Carlo
(GCMC), canonical kinetic-Monte Carlo (C-kMC) and the Mid-Density scheme (MDS).  Particular emphasis
was placed on the gas-solid, gas-liquid and liquid-solid 2D phase transitions. For temperatures below the bulk
triple point, the transition from a 2D-liquid-like monolayer to a 2D-solid-like state is manifested as a sub-step
in the isotherm. A further  increase in the chemical  potential  leads to another  rearrangement  of  the 2D-solid-
like  state  from a  disordered  structure  to  an  ordered  structure  that  is  signalled  by  (1)  another  sub-step  in  the
monolayer region and (2) a spike in the plot of the isosteric heat versus density at loadings close to the dense
monolayer coverage concentration.  Whenever a 2D transition occurs in a grand canonical isotherm it is
always  associated  with  a  hysteresis,  a  feature  that  is  not  widely  recognized  in  the  literature.   We  studied  in
details this hysteresis with the analysis of the canonical isotherm, obtained with C-kMC, which exhibits a van
der Waals (vdW) type loop with a vertical segment in the middle.  We complemented the hysteresis loop and
the vdW curve with the analysis of the equilibrium transition obtained with the MDS, and found that the
equilibrium transition coincides exactly with the vertical segment of the C-kMC isotherm, indicating the co-
existence of two phases at equilibrium.  We also analysed adsorption at higher layers and found that the 2D-
coexistence is also observed, provided that the temperature is well below the triple point.  Finally the 2D-
critical temperatures were obtained for the first three layers and they are in good agreement with the




Krypton at 77 K (well below its bulk triple point of 115.8 K) is the adsorbate of choice for measuring
the surface area of low surface area solids [1].  At this temperature, the adsorption isotherm on
homogeneous graphite surfaces is stepped, clearly indicating that adsorption proceeds by a layering
mechanism, and for these reasons the system has attracted much attention [2-26] both experimentally
and theoretically.  The step-wise isotherm for Kr adsorption on the highly graphitized carbon black
P-33 at 70 K, associated with the two-dimensional (2D) phase transitions occurring in both the first
and second layers, was first reported by Clark [16].  Subsequently these transitions were observed
experimentally by many other researchers [2-4, 8, 21, 26].  In addition to the layer-by-layer character
of the krypton isotherm on a homogeneous graphite surface, small sub-steps are observed in the first
layer [6, 9, 10, 19, 26], suggesting some ordering of adsorbed  molecules.  The physical processes
associated with the steps and sub-steps depend critically on the adsorption temperature:
(1) At temperatures below the 2D-triple point, the step results from a 2D gas-solid transition.
(2) Between the 2D-triple point and the 2D-critical point, there are two steps in the first layer
corresponding to 2D vapour-liquid and 2D liquid-solid transitions.
(3) Above the 2D-critical temperature, the adsorbate behaves as a 2D supercritical fluid and,
depending on temperature, a 2D supercritical fluid-solid transition can occur, seen as a
small step in the isotherm.
As pressure is increased, the disordered 2D-solid formed in (1) or (2) rearranges to form a crystalline
solid.
Simulations below the triple point have provided better insight into these various 2D transitions at
the  molecular  level  [17,  18,  27-31].   However,  little  attention  has  been  paid  to  the  origin  of  the
experimentally observed hysteresis associated with the 2D transition [26, 32, 33].  A possible
explanation  of  this  type  of  hysteresis  was  first  suggested  by  Inaba et al.  [33]  in  their  study  of
CH4/graphite system who suggested that the lower layers are progressively compressed and
restructured irreversibly when takes place to form higher layers.
Here we have studied 2D-transitions in open and closed krypton-graphite systems, and the
connection between them, using a variety of simulation tools, including: Grand Canonical Monte




GCMC [34] was used to simulate adsorption isotherms in open systems. 100,000 cycles were run for
both the equilibrium and sampling stages.  In each cycle, 1000 moves were attempted for
displacement, insertion and deletion with equal probability, for each pressure point, giving a Markov
chain  of  2  ×  108 configurations. These chains are much longer than are used in normal practice.
These very long simulations were chosen to ensure the reliability of our results.  Plots of the number
of particles as a function of the number of cycles are given in the Appendix to demonstrate that
convergence was maintained over the whole of the sampling stage.
To generate the adsorption branch of the isotherm, we started from an empty box to obtain the first
point on the isotherm at the lowest pressure. The final configuration from one pressure point was
then used as the initial configuration for the next pressure point.  This methodology is widely
accepted for the generation of adsorption isotherms in a Monte Carlo scheme because it mimics the
way an adsorption experiment is carried out. In the equilibration stage, the maximum displacement
step length in each direction was initially set as half the dimension of the simulation box in that
direction, and was adjusted at the end of each cycle to give an acceptance ratio of 20% [35].  The
lengths of the simulation box in the x- and y-directions parallel to the graphite surface were 20 times
the  collision  diameter  of  Kr  (0.3685  nm),  and  the  dimension  in  the  z-direction  was  5  nm.   The
graphite surface was positioned at z = 0 and the opposite surface was a hard wall.  The box size in
the z-direction was large enough to prevent any spurious correlations in the temperature range
studied.  Periodic boundaries were applied in the x- and y-directions.
2.2 kMC Simulation
kMC simulation in the canonical ensemble (C-kMC) was used to obtain adsorption isotherms in
closed  systems.   When  the  GCMC-isotherms  show  hysteresis,  the  C-isotherms  exhibit  a  van  der
Waals-type loop, which is not necessarily S-shaped, and may contain a vertical segment in the
unstable portion of the loop.
Details of the kMC scheme can be found in reference [36].  The number of configurations in a kMC
simulation  was  5  ×  107 for  both  the  equilibrium  and  sampling  stages.   The  generation  of  a
configuration involves only one type of move: a particle was selected according to the Rosenbluth
algorithm and moved to a random position in the simulation box.  The dimensions of the simulation
box in the x- and y-directions were 10 and 40 times the collision diameter of Kr, respectively, and
  
the size in the z-direction was 20 nm.  We chose a rectangular surface because the coexistence of two
phases is more readily achieved [37].  The box size in the z-direction is much larger compared to that
in GCMC simulations because the rarefied region in the z-direction is used to calculate the bulk gas
phase pressure by the virial method.
2.3 Mid-Density Scheme (MDS)
MDS was applied to determine the equilibrium phase transition within the hysteresis loop of the
GCMC-adsorption-desorption isotherm.  Full details of the MDS procedure can be found in [38, 39],
but  we  summarise  it  briefly  here.   At  a  given  chemical  potential,  say  µ*,  within  the  range  of  the
hysteresis loop, the low and high density states on the adsorption and desorption boundaries of the
loop are referred to as NA and NB, respectively.  The MDS scheme involves three steps:
(1) A state with (NA + NB)/2 molecules is generated by deleting molecules randomly from the high
density (NB) state.
(2) This mid-density state is then relaxed in the canonical ensemble to minimize the Helmholtz free
energy by running 200,000 cycles.
(3) The system having the last configuration of the second step is then exposed to an infinite gas
surrounding of the same chemical potential µ*, and is allowed to evolve to an equilibrium state.
The MDS scheme yields the equilibrium state because there are co-existing phases in the NVT stage
(step 2), which have the co-existence chemical potential µcoexistence.  If µ* is either greater or smaller
than µcoexistence the system will evolve to the high density state or the low density state.
2.4 Fluid-Fluid and Solid-Fluid Potentials
The potential energy of interaction was assumed to be pairwise additive. The fluid−fluid interaction
energy of Kr was described by the 12−6 Lennard-Jones (LJ) equation, with ߪ௙௙=0.3685 nm and
ߝ௙௙ ݇஻⁄ =164.4 K [40], and the cut-off radius was taken as five times the collision diameter of Kr.
The graphite surface was modelled either as a smooth structureless solid or as a surface of discrete
carbon atoms.  For the structureless surface, the solid-fluid interaction energy was described by the
Steele 10-4-3 equation [41], with a surface carbon atom density of 38.2 nm-2, and molecular
parameters for a carbon atom in a graphene layer, ߪ௦௦=0.34 nm and ߝ௦௦ ݇஻⁄ =28 K.  The cross
collision diameter and the well-depth of the solid-fluid interaction were calculated by the Lorentz-
Berthelot mixing rule.  When graphite was modelled as discrete carbon atoms, the interaction energy
between a carbon atom and Kr was described by the 12−6 Lennard-Jones (LJ) equation.
  
2.5 Thermodynamic Properties




                                                                                                                                        (1)
where 〈ܰ〉 is  the  ensemble  average  of  the  number  of  particles  in  the  simulation  box, ߩீ  is the bulk
gas density, ܸ is the accessible volume, ܮ௫ and ܮ௬ are the box dimensions in the x- and y-directions,
respectively.   The isosteric heat in GCMC is calculated from fluctuation theory [42].
3. Results and Discussions
3.1 Krypton Adsorption on Graphite Surface at 77 K
We first carried out GCMC simulations for Kr adsorption on the two models of graphite detailed in
section 2.4.  The simulated isotherms at 77K are shown in Figure 1.  The structureless model cannot
account for the incommensurate to commensurate transitions that have received much attention in
the past, especially for very low temperature systems [9,13,14,20]  .  However, the figure shows that
the structureless surface model captures all the major features of interest, including the 2D-transition
and the sub-steps.   Hereafter, we shall use the structureless model to minimise the computation time
needed to achieve a satisfactory description of the isotherm, and especially of the  isosteric heat.
Figure 1. The GCMC simulated adsorption isotherm at 77 K for  Kr on a graphite surface:  Smooth surface model and
the atomistic carbon model.
Figure 2 shows that there is qualitatively good agreement between the GCMC-adsorption isotherm
for Kr on graphite at 77 K and the experimental data of Thomy and Duval [3].
     (a)              (b)
Figure 2. GCMC simulated adsorption isotherm at 77 K for  Kr on a smooth graphite surface and experimental data on
ex-foliated graphite from reference  [3], (a) logarithm scale showing the 2D-transition of the first layer, (b) linear scale
showing the 2D-transition of the second and third layers.
The general step-wise behaviour in the first three layers of the experimental isotherm is reproduced
by the simulations.  The experimental isotherm rises gradually after the first condensation in the first
layer, but the simulation results show two vertical steps, representing the liquid-solid transition
followed by a molecular rearrangement to a more ordered 2D-solid [43].  The gradual rise in the
experimental sub-step may be due to geometrical factors not accounted for in the molecular model,
such as the finite size of the graphene basal plane on a polyhedral side of the graphitized thermal
carbon black.   This  may also  be  the  reason  why the  pressures  at  which  the  transitions  occur  in  the
second and third layers differ from those in the simulation.
Figures 3 and 4 show the 2D radial distributions and the 2D density contour plots respectively, for
the first layer, at the points A-E marked on the isotherm.  At A, just before the 2D-transition, the first
layer is gas-like characterized by a single peak in the radial distribution, and changes to a liquid-like
structure at B, just after the 2D-condensation.  This liquid-like structure is seen in the disordered 2D-
density plot in Figure 4b.  The first sub-step, CD, corresponds to the transition from a liquid-like to a
solid-like state, and as seen by the evolution of the second peak in the radial density distribution into
two sub-peaks, signifying a hexagonal solid structure, as confirmed by the 2D-density plots in
Figures 4c and d.  When the pressure is increased to Point E (the second sub-step), there is a further
densification of the first layer, as seen in Figure 4e, where the molecules are localised into a 2D
hexagonal crystalline packing.
  
Figure 3. Radial distribution of Kr adsorption on graphite surface at 77 K.
  
Figure 4. 2D-Density Distribution of Kr adsorption on graphite surface at 77 K, (a) – (e) corresponding to points marked
as A, B, C, D, E in the inset of Figure 3, respectively.
  
3.2 Effects of Temperature on the 2D Transitions
The effects of temperature on the 2D-transitions and sub-steps in the first layer are illustrated in
Figure 5, which shows isotherms at temperatures from 60 to 88 K
At 60 K (well below the triple point), there is a 2D-transition from a gas-like to a solid-like state in
the first layer, followed by a single sub-step which corresponds to the transition from a disordered
solid-like state to an ordered one.  This interpretation is substantiated by plots of the radial density
distribution in Figure 6 at: (1) point A, the gas-like state just before the 2D-condensation;  (2) point
B, just after the condensation; and (3) point C, just after the completion of the sub-step.  The double
second peaks at points B and C just after the 2D-transition correspond to regular third neighbour
locations and are characteristic of a solid-like structure of the adsorbate.
At temperatures greater than 73 K (Figure 5) there is a 2D gas-liquid transition, and two sub-steps,
corresponding to a liquid to disordered-solid transition and disordered to ordered-solid transition as
seen  in  the  73K  radial  distribution  plots  in  Figure  7.   It  is  interesting  to  note  that  the  adsorbate
densities for the disordered and ordered solids do not vary with temperature (see the two dashed lines
in Figure 5a).  From this family of isotherms at different temperatures, we can deduce a critical
temperature for the 2D gas-liquid transition inthe first layer  between 86 and 88 K (Figure 5b), which
agrees closely with the value of86 K reported experimentally [5].
      (a)              (b)
Figure 5.  GCMC adsorption isotherms for Kr on a graphite surface at 60-88 K: (a) logarithm scale, (b) linear scale.
  
Figure 6. Radial distributions for Kr adsorption on a graphite surface at 60 K.
Figure 7. Radial distributions for Kr adsorption on a graphite surface at 73 K.
To probe the energetic behaviour of adsorption, we plot the isosteric heat versus loading for 60 and
77 K in Figure 8.  These temperatures were chosen to show the 2D transitions from the gas-like state
to the solid state (60 K) and from the gas-like state to a liquid-like state.   The isosteric heat increases
linearly with loading up to the 2D-transition, becomes constant across the transition, and then
increases approximately linearly after the first transition [44].  At 60 K, after the gas-solid transition
but before the sub-step, the isosteric heat decreases because adsorption begins in the second layer.
  
However, there is a spike in the heat curve at the sub-step, due to the squeezing of molecules into the
disordered solid layer which is transformed into an ordered hexagonally packed array(an
enlargement of the heat curve in the region of the monolayer is shown in the inset of Figure 8).  This
phenomenon has been extensively studied [45, 46]; the spike is due to two factors: (1) the lowering
of the solid-fluid and fluid-fluid energy  as the incoming molecules pack into the partially completed
first layer, and (2) the simultaneous rearrangement of the molecules already in the first layer, to form
a close packed hexagonal configuration.  The heat spike phenomenon is not restricted to the first
layer, but has also been observed experimentally in higher layers [33].  At 77 K, differs slightly after
the first transition.  The heat increases because of the compression of the liquid-like layer to point A
(Figure 8) and then to disordered solid-like layer (Point B).   No spike is  observed  at  the first  sub-
step because molecules continually adsorb into the first layer forming a disordered solid.  After the
first sub-step the layer is relatively dense, and adsorption begins in the second layer, resulting in a
sharp decrease in the heat. When the chemical potential is further increased a heat spike occurs due
to molecules squeezing into the first layer, to give an ordered hexagonal packing at the second sub-
step in the isotherm (see Figure 5).
Figure 8. The isosteric heat of Kr adsorption on graphite surface at 60 and 77 K obtained with GCMC simulation.
3.3 Hysteresis at Temperatures 73 K-91.8 K
  
Conventional wisdom associates adsorption-desorption hysteresis with pores in the mesopore size
range.  However, a number of experimental papers [33, 47, 48], including one for Kr adsorption on
exfoliated graphite [32] have reported hysteresis in low pressure transitions.
Figures 9a and b show the GCMC-adsorption and desorption isotherms at 77 K.  Several interesting
points arise:
(i) 2D-condensation and evaporation, with well-defined hysteresis, occurs in the first three
layers.
(ii) There is also hysteresis at the sub-steps, which suggests that hysteresis is an intrinsic
feature of any first order adsorption-desorption transition.
  (a)           (b)
Figure 9. The adsorption isotherm of Kr on graphite surface at 77 K obtained with GCMC, (a) first layer, logarithm scale,
(b) first to third layer, logarithm scale.
We argue that it follows from this that the microscopic reason for the hysteresis lies in the
restructuring and progressive cohesiveness of the adsorbate as loading increases. As evidence, we
have  plotted  in  Figure  10  the  local  compressibility  of  the  first  adsorbed  layer  at  77  K  from  zero
loading up to three adsorbed layers on the surface, with the position of the 2D-transitions in the first
three layers marked as І, ІІ, ІІІ.  There is a sharp drop in the compressibility in the first layer at the
first 2D-condensation (І).  After the 2D liquid-solid transition (from A to B), the compressibility
reaches that of solid Kr (5.6×10-10 Pa-1 shown as a black dashed line) [49].  The compressibility of
the first layer continue to decrease even when there is adsorption in higher layers, implying that the
cohesiveness in the first layer continues to increase towards a meta-stable state of lower energy.
  
Therefore when the pressure is reduced during desorption the adsorbate does not evaporate until the
pressure is lower than the condensation pressure, and a hysteresis loop is formed.
Figure 10. Layer compressibility in the first layer during Kr adsorption on graphite at 77 K obtained from GCMC
simulation.
The effects of temperature on the size and position of the hysteresis loop are shown in Figure 11 for
temperatures in the range between 73 and 91.8 K.  The hysteresis loop for the first layer, becomes
smaller as temperature is increased, and disappears at 82.3 K, indicating that the critical hysteresis
temperature is between 77 and 82.3 K.  For the second layer, the hysteresis loop is present for all the
temperatures investigated here, suggesting that the hysteresis critical temperature of the second layer
is  greater  than  91.8  K.   However,  at  91.8  K  there  is  no  hysteresis  in  the  third  layer,  i.e.,  the  2D-
critical temperature and the hysteresis critical temperature of the third layer are between 88 and 91.8
K, in agreement with the simulation results obtained by Nguyen et al. [17]; i.e. the 2D-critical
temperature of the third layer is between those of the first and second layers.
  
(a)
                                                                                               (b)
Figure 11.  The adsorption isotherm of Kr on a graphite surface at (a) 73-86 K, logarithm scale and (b) 86-91.8K, linear
scale obtained with GCMC.
The two sub-steps of the first  layer for the isotherms at  73-86 K are shown in Figure 11a.  The 2D
ordered solid persists over a very wide range of pressure and only evaporates at a pressure that is
lower, by two orders of magnitude, than the pressure of the ordering transition during adsorption.
This is further evidence that the ordered solid is in a highly cohesive low energy state.  When the
pressure is decreased further, the 2D-disordered solid melts to a 2D liquid-like phase, and finally
evaporates to a gas-like state.  This means that both the disordered solid and the 2D liquid are in
more cohesive, lower energy states. The hysteresis loop in the first sub-step of the liquid-disordered
solid transition shrinks with temperature and disappears at 82.3 K, while the second loop, associated
with the rearrangement of adsorbate to form an ordered 2D solid, persists at all the temperatures
studied here, indicating that the 2D-crystalline solid is very stable.
  
The hysteresis described above is associated with the first order transition in an open system (grand
canonical), and the transition occurs at a pressure close to the spinodal point (its proximity depends
on the temperature).  To understand how a closed system evolves and how it is distributed between
the two phases, we carried out simulations in the canonical ensemble to locate the spinodals and to
determine how far the transition is from the spinodal point.  We then applied the Mid-Density
scheme  (MDS)  first  proposed  by  Liu et al. [38, 39] to determine the pressure at the equilibrium
transition.
Figure 12 shows the canonical (C)-isotherm at 73 K obtained with the kinetic Monte Carlo scheme
and the GCMC adsorption-desorption isotherm.  Since the GCMC isotherm shows transitions on
both branches, the corresponding canonical isotherm has a van der Waals type of loop with a vertical
segment in the unstable region.  This type of loop is a clear indication of the co-existence of two
phases.  The equilibrium transition, determined by the MDS shows the overlap between this
transition and the vertical segment of the C-isotherm.  Interestingly, but not surprisingly, the 2D-
coexistence of two phases is not restricted to the first layer, but is also present in higher layers.  In
open systems, the transition always occurs before the spinodal point has been reached because of
thermal fluctuations; as noted in earlier publications [29, 50, 51].
Figure 12. The adsorption isotherms of Kr on a graphite surface at 73K: comparison between the results of GCMC and
kMC simulations; and the equilibrium phase transition obtained by the Mid-Density scheme (MDS).  The surface was a
surface of 10σff × 40σff  rectangle.
4. Conclusion
We have used GCMC, C-kMC and Mid Density scheme simulations to study the 2D transitions and
hysteresis of Kr adsorption on a structureless graphite surface at temperatures below the triple point.
  
2D phase transitions (gas-solid, gas-liquid and liquid-solid, disordered-ordered solid) are observed at
temperatures less than the 2D critical temperature.  Hysteresis was found to occur in every layer at
temperatures less than the corresponding 2D hysteresis critical temperature.  The existence of
hysteresis was confirmed by the presence of van der Waals loops in the canonical isotherm.  This
loop contains a vertical segment, which indicates the coexistence of two phases in the system, a
conclusion that is supported by the location of the equilibrium transition, as determined with the Mid
Density scheme.
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Appendix
We plot in Figure A1b the instant number of particles as a function of number of cycles for points A-
F, C’ and D’ as marked on the isotherm of krypton at 77K shown in Figure A1a.  The system reaches
equilibrium quickly in the equilibration stage, and there is no indication of any deviation from the
ensemble averages in the sampling stage during the 2D-condensation of the first and third layers
from A to B, E to F, respectively, and for points C and C’, D and D’ which are at the same pressure
in the adsorption and desorption branches, respectively.  This is evidence that the run lengths were
sufficient to reach convergence on both the adsorption and desorption branches, and that the
hysteresis observed in our study is physically significant.
  
Figure A1. (a) GCMC adsorption isotherm for Kr on a graphite surface at 77 K; (b) Control charts in the equilibrium and
sampling stages for points A-F, C’, D’ as marked in Figure1a.  A and B, E and F correspond to the 2D-condensation of
the first and third layer, respectively; C and C’, D and D’ are at the same pressure in the adsorption and desorption
branches, respectively.
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Figure 4. 2D-Density Distribution of Kr adsorption on graphite surface at 77 K, (a) – (e) corresponding to points marked
as A, B, C, D, E in the inset of Figure 3, respectively.
